MAST90112: Random Graphs 23 April 2020

Lecture 14: Branching process approximation

We prove the following lemma introduced in the last lecture.

Lemma 13.1. Let C, be the size of the component containing vertexr v in G ~ ER(n,\/n),
where X > 0 is fized. Let W)y be the total population of a branching process with Poisson(\)
offspring distribution. Then for any k > 0,

AR _

n

P(Wy > k) (Cy > k) < P(Wy > k).

Proof. For the upper bound, recall the exploration process recursions (11.1) of Lemma 11.2 from
Lecture 11:
A=A 1+ 1A > 0)(—-1+ Zy), (14.1)

where Z; ~ Bi(n — (t — 1) — A;—1,A/n) = Bi(N;—1,A/n) on the event that 4,1 > 0. From

Example 13.4 and Proposition 13.7 from Lecture 13, we know that for any m <n
Bi(m, )\/n) <qt Bi(n, /\/n) <g Po()).
Thus, for the Poisson offspring BP recursion (12.1) from Lecture 12:
Ap= Ay + 1A > 0[(-1+ Z)),
where Z] ~ Po()\) are i.i.d., we have that
Ap >0 Ay,
for all ¢, and thus that
70 :=inf{t > 0: A} = 0} >4 inf{t > 0: A, =0} =: 7.

Note this means that P(7) > k) > P(m > k) for all k. Using Lemmas 11.1 and 12.4 relating
70, T} to the component size C,, and total population size Wy, we have

P(W) > k) = P(r) > k) > P(m > k) = P(C, > k),

as desired.
For the lower bound, we first establish the intermediate bound

P(Cy > k) > P(Vogp > k), (14.2)

where V,,_j,, is the total population size of a BP with Bi(n — k, p) offspring distribution. Note
that this is not a stochastic domination result, since the parameter of the binomial depends on k,
but it is in the same spirit and we will prove it with coupling. The idea is that the exploration
process stochastically dominates the branching process until it has reached k vertices (since the
first parameter of the binomial driving it is bigger). After this point the domination switches,
but it doesn’t ruin the result since we are only considering the event {- > k}. The second step is
to compare the binomial BP to the Poisson BP, which are close until they have k vertices since
the total variation distance between the Poisson and Binomial offspring distributions is small.

To prove (14.2), let T, = inf{t : N; <n —k} be the first time the number of neutral vertices
in the Erdos-Rényi exploration process is no greater than n — k, and note that

{Co >k} = {Ty < o0}
For t < T}, Ni—1 > n — k and so, using the binomial domination Example 13.4, we have

Zt ~ Bi(Nt—hp) Zst Bl(n - kap)7 t S Tk7 (143)
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where Z, is defined at (14.1). Letting Z; ~ Bi(n—k,p), t = 1,2,... be i.i.d., define the binomial
BP recursion
Al =AY | +T[A] | > 0](-1+ Z]).

By (14.3), we have that A} <y A; for 0 <t < T},. Saving notation, let (A4, AY);>0, be a coupling
so that A} < A; for 0 <t < Tjy. We claim that if A} > 0, then Tj, < k. This is true because if
Al > 0and T}, > k, then the monotonicity of the coupling is in force and so Ay > A} > 0, which
implies that Fj, the number of explored vertices at step k, satisfies F. = k. In particular,

Ne=n—-k—A,<n—k — T <k,
a contradiction. Thus the claim implies
{Voekp >k} = {A], > 0} C{T}, < oo} = {Cy > k},

from which the inequality (14.2) follows.
To now compare the Poisson and binomial BPs, note that

P(Vookp > k) = P(Wa > k)| = |[P(Vyopp < k) — P(Wa < k)|

k—1

< ‘P(Vn—k,p = Z) - P(WA = 7’)‘ (14.4)
=0

< k ) (lJrn&uk( 1|P(Vn,k7p = 7,) - ]P(W)\ = Z)’

Letting Uy, be the total population size in a BP with Bi(n, p) offspring distribution, we bound
P(Voekp =1) = P(Wx =14)| < [P(Vopp = 1) = P(Unyp = 0)| + |P(Unyp = i) — P(Wx =1)|.

To bound each of these, we closely couple the offspring variables generating the pairs of processes.
For the first term, let (Z/, Z;)¢>1 be i.i.d. couplings of Bi(n — k,p) with Bi(n, p) such that (as

in Lecture 6),

~ ~ kA
P(Z) 4 Z) < hp =" (14.5)

Then
P(Vasp = 1) = P(Vatp = s it {Z) = Zi}) + P (Vaosp = i- Ui {2} # 2})
=P (Unp =6, { 2] = Zi}) + P (Vakp = i, Ui {Z) # Z1}),

where the second equality is since if V;,_j, = 4, then BP only depends on the first i offspring
variables, and so if these are the same for the BPs, then their total populations will also be the
same. Similarly,

P(Upyp = i) = P(Upp =i,y {Z) = Zi}) + P(Unyp = i, Ui {Z) # Z4}),
and so, using (14.5), for i < k,

[P(Viip = 0) ~ P(Unyy = )| < P(UiL {2} # Z1))

<> P+ 2) (14.6)

A similar argument for the second term, starting from taking (Z, Zé)tzl to be i.i.d. couplings
of Bi(n,p) and Po(\) variables satisfying (as in Lecture 6)
)\2

P(Z{ # Z{) < mp® = —,
n
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implies that

. . kA2
Combining (14.2), (14.4), (14.6), and (14.7) implies the lower bound. O
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