MAST90112: Random Graphs 24 April 2020

Lecture 15: Random walk representation of a branching process

Last lecture we related the size of the component containing a vertex v in the Erdés-Rényi
random graph to the total population of a Poisson BP. Here we study the distribution of the
latter quantity.

Random walk representation of BP: Recall the BP recursion (12.1) from Lecture 12:
A=A 1 +T[A 1 > 0[(—1+ Zy), (15.1)
where Z; are i.i.d. with the offspring distribution, and recall that
10 :=inf{t >0: A, = 0}

is the total size of the population. Thus, if (Y;);>1 are i.i.d. with distribution .Z(Z; — 1) and we
define the random walk (S;);j>0 by

and Tp := inf{j > 1:5; = —1}, then
L((1+ Soj<my) = 2 ((A)o<i<r)-

This is because up to time 79, 1 + S; satisfies the same recursion (15.1). (If you are having
trouble understanding this, a small example will clarify.) By Lemma 12.4 of Lecture 12, 7
equals the total population size of the BP, which we denote by W. Thus we have shown the
following lemma.

Lemma 15.1. If W is the total population size of a BP with offspring distribution £ (Z), and
Tp is the first time the random walk started from one with increments £ (Z — 1) reaches 0, then

L(W) = Z(Ty).

Note that it is possible that W or Ty is infinity. The next lemma gives a useful expression
for £(Ty), and thus Z(W).

Lemma 15.2. Let (1+5;);>0 be a random walk started from one, with increment supported on

{-1,0,1,...}, and Ty =inf{j >1:14+ 5; =0} =inf{j > 1:S; = —1}. Then

P(Tp = k) = %]P(Sk. — ).

The lemma is useful (and remarkable) because the event on the left hand side depends on
the entire path (Sp,...,Sk), whereas the event of the right hand side only depends on the final
value Si. Before the proof, we state an easy but key consequence of the last two lemmas.

Theorem 15.3. If W is the total population size of a BP with offspring distribution £ (Z),
then for (Z;)k_, i.i.d. with distribution £(Z),

J
P(W—k)_;]l)<zk:12j_k—1>.
p

Proof of Lemma 15.2. The first part of the proof is the following cycle lemma. Let (y1,...,yx)
be numbers in {—1,0,1,...}, with Z?:l yj = —1. For the “walk”

(500 = O w)l,
j=1
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and ¢ € {1,...,k}, we define the (-cyclic rearrangement (s;)*_, by

() = (o)
j=1

)

k
=0

where the indices on the right hand side are mod k. The graph of the walk (sgg))fzo, is obtained
from that of (s;)¥_, by moving the origin to (¢, s¢), and attaching the fragment of the path before
step £ to (k, sg) = (k, —1). The following picture illustrates this cyclic rearrangement.
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Graphs of (Sz')f:g and (353))4":0 for (y1,...,y9) = (1,-1,-1,—-1,1,-1,1,1,—1) and

k = 9. The 3-cyclic rearrangement is obtained by moving the red path to the end of
the blue path, and adjusting the origin.

The key fact is that there is exactly one ¢ € {1,...,k} such that the walk (sy))f:o hits —1
for the first time at step k, and £ is the index of the first time of the minimum of the walk:

é@>—daﬂizunwk—1¢:>€:mmﬁ:&:n?wﬁ. (15.2)

The fact follows (roughly) since such a path clearly has to start at a minimum, and if it starts
at a minimum that is not the first, then since the last step is down, the shift will end at —1,
which is the same value reached by the first minimum (here is where it is crucial that all down
steps are of size 1). The following picture illustrates.
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Two cyclic rearrangements starting from the minimums of the path in the previous
picture. The path s(* is the unique path reaching —1 for the first time at the final
step of the walk, since step 4 is the first occurrence of the minimum of the walk s.

From here, the result follows by considering (SZ-(U’“))Z.CZO, where Uy ~ U({l, el k}) is inde-
pendent of the walk. Since the increments are i.i.d. and Uy is independent of them, we have

(517)10 = (S1);

=0 i=0"
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Combining this with the fact that S,gUk) = Sk, we have

P(m?;ll{sj > —1}, S = —1) = Ip(ﬂ?;ll{sj(.[]k) > _1}’S’E:Uk) _ _1)

_ U
=P (NS > —1}|S), = ~1)P(S = 1)
1
=-P(Sy = -1
k ( k )7
where the last equality is from the cycle lemma (15.2), since we need Uy to equal the unique
index that keeps the path above —1 until the end. O

For the Erdés-Rényi exploration process, Lemma 13.1 says that the component size can
be related to a BP with Poisson offspring distribution. For this case, Theorem 15.3 gives the
following result. The simple proof is omitted.

Lemma 15.4. If W), is the total size of a BP with Poisson mean A offspring distribution and,
for k> 1, Yyg ~ Po(\k), then

e (AR)FE

1
]P(W)\Zk):%P(Y)\ka—l)ze !

Recall from the high-level overview in Lecture 11 that we are trying to show that with high
probability, the size of the largest component Chayx, is ©(log(n)) for A < 1 and O(n) for A > 1,
and we will do this by analysing C,, the size of a component containing the vertex v; for example,
a union bound implies

P(Cuax 2 k) < Y P(Cy > k).
ve{l,...,n}

For this, Lemma 13.1 and Lemma 15.4 imply that we need to understand
1 .
PWy>k)=)Y -P(Yy=j-1).
Jjzk

In particular, we need to understand the point probabilities P(Y); = j — 1) for j large, which is
the topic of the next lecture.
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