MAST90112: Random Graphs 14 May 2020

Lecture 23: Binomial exponential tail bounds

Lemma 23.1. Let X ~ Bi(m,q) withm € N and 0 < g < 1.
1. If0 <z <m(l-—q),

P(X—mgq > ) < exp{—m[(l—ﬁl—q) 1og<1_1"_1q_q)+(:1+q) log<’i ;r q)] } (23.1)
2. If —mg < z <0,
P(X —mq < ) < exp{—m{(l —z_y) log<1mq> + (£ +q) 1og<§1q+qﬂ }

Proof. If X ~ Bi(m,q), then for any 6 > 0,
E["] = ((1—q) +¢¢")",

and so Lemma 16.2 from Lecture 16 implies that for x > 0,

P(X —mg > z) < exp{mlog((1—q)+ qee) —0(z +mq)}.
The exponent is minimised at
0 :log<(1 — 90y +Q)>
a1-35-q) )

which is positive if z < m(1 — ¢). Thus we find that for 0 < z < m(1 — q),

T

P(X —mq > 1) < exp{—m[(l —z_g) log<1mq> + (& +4q) log<’g%;q>} }

l—q
If x = m(1—q), then the bound still holds by interpreting 0log(0) = 0, since both sides are then
equal to ¢.
For the other tail, we apply the bound (23.1) to (m — X) ~ Bi(m,1 — ¢) to find, for
—mqg < x <0,

P(X — mg < @) =P((m— X) —m(l - q) > )

conl a5, 7) (55}

Again at x = —mg, the bound holds by direct calculation. O

Remark 23.2 (Binomial tail bounds). Similar to our discussion around Poisson tail probabilities
in Lecture 16, we can get some understanding of the bound (23.1) by fixing ¢ and setting
x = zy/mgq(1l — q) for a fixed z > 0 and m as large. Then Taylor expansion implies log(1 4+ a) =
a—a%/2+ 0(a®) as a — 0, which implies

z 4 1— 1-— 2/1—-
(7)o 50) 5 () e
q mq mq 2\ mgq

and so some simplification yields

-z _ z 2

1 L
(1-2—gq) log(17_"qq) + (£ +9q) log(m;—q> = i+0(m_3/2),

2m

and so X
P <—mq > z> < exp{—z2/2 + O(m_l/Q) }; (23.2)
mq(l - q)
compare to (16.7) from Lecture 16. Note that (23.2) is only an asymptotic bound (the bigo
depends on z and p) and (23.1) should be used in applications.
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Lemma 23.3 (Roch, Exercise 2.6). Let X ~ Bi(m,q) with m € N and 0 < ¢ < 1, and
p:=E[X]=mq. Forany0 <6 <1,

o0 "
6—5 H
P(X <({- 5)#) < ((1—5)“‘”) < exp{—pé”/2}. (23.4)

Proof. For the first inequality of (23.3), first note that the left hand side is zero if § > (1 —q)/q,
and hence the inequality is trivially satisfied, so we assume that § < (1 — ¢)/q. Now use (23.1)
with x = dp < m(1 — q), so that x/m + ¢ = (1 + 0)q, to find

P(X > (14 8)) < exp{—m[(l —(1+6)q) log<1_1(1_—;5>q> + (14 8)qlog(1+ 5)] }

exp{_ ( 17(1q+5)q> log<1’§1jf)q) } p

(11 0)(%0) ’

and so the first inequality of (23.3) is the same as

_(1—<1q+6)q>10g<1—1(1_+qé>q) <5

To show this inequality, we write the left hand side as

A () = () () 1)

and so for y := dq/(1 — q) € (0, 1], we need to show

(1 —y)log(l —y) = —y. (23.5)
If y = 1, then as usual interpreting 0log(0) = 0, the inequality is satisfied. For the remaining,
the derivative of ¢(y) = (1 —y)log(l —y) +y is ¢'(y) = —log(1 — y), which is positive for

€ (0,1), negative for y € (—1,0), and zero at y = 0. Moreover, the the second derivative is
¢"(y) = 1/(1 — y), which is positive for y < 1, and so the minimum of ¢ is at 0 and is equal to
0. Thus ¢(y) > 0, which is the same as (23.5).
The first inequality of (23.4) follows in almost exactly the same way after replacing 6 with —d,
and noting that we have shown (23.5) for y € (—1,1).
The second inequality of (23.3) is the same as

§ — (14 6)log(1 4 6) < —52/3. (23.6)

Expanding in Taylor series, we have for ¢ € (0, 1),

log(1+6) =Y (=1)/ 7',
=1 J
and plugging this in to the left hand side of (23.6) yields
§—(1+0)log(1+6)=5—> (1)~ 15 Z(—l)ﬂ*lé—.
j=1 j=1 J
Syt
J:2 J Jj=2 J
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[e’¢) ' 5]-
=) (-1 —
JZ_;( ) i —1)
52 8 5
<<
=2 e =Ty

where the first inequality is because the power series is alternating and the terms are decreasing
in absolute value, and the second is because § € (0,1).
The second inequality of (23.4) is the same as

—6 — (1 —0)log(1 —6) < —6%/2,

which can be shown very similarly to (23.6) starting from
> 57
log(l —90) =— (i

=17
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