MAST90112: Random Graphs 19 May 2020

Lecture 25: Stein’s method for Poisson approximation

We are in the middle of developing Stein’s method for Poisson approximation. From last
lecture, we had the following result.

Lemma 24.3. If A C Z, and we let Y, ~ Po(n) and Uy, :={0,1,...,k — 1}, then the function
fa:Z4 — R defined by

fa(k) = p~Fet(k — )I[P(Y, € ANU) — P(Y, € AP(Y, € Uy)],
satisfies
Apfa(k) == pfalk +1) = kfa(k) =Tk € A] - P(Y, € A).

We used this lemma to bound the total variation distance between a sum of independent
indicators and a Poisson distribution, assuming the functions f4 are such that |fa(k+1)— fa(k)|
is uniformly bounded. We now prove this assumption. For a function f with domain D, denote
the supremum norm || f|| := sup,cp |f(k)|, and, for f : Z; — R, denote the first difference

Af(k) = f(k+1) = f(k).
Lemma 25.2. If AC Z. and fa is as in Lemma 24.3, then

1—eH#

IAfa] < < min{1, 57}

Proof. After rewriting
fa(k) = Rk — 1)l [P(Y, € ANUR)P(Y, € Uf) — P(Y, € ANUHP(Y, € Uy)],
straightforward considerations imply that for j > 1, f; := fi;, satisfies
e fj(k) <0for k <jand fj(k) >0 for k> j,
o Afj(k) <0 for k4 j, and Af;(j) > 0,

o Afj(j) <min{j" (1—e#)/u}.
And also Afy(k) < 0. The following picture illustrates for j > 0.
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Since
Afa(k) =) Afi(k)
jEA
is a sum of terms which are all negative except for at most one, we find
1 —e M
Afalk) < ; . (25.1)
Since fae = —fa, (25.1) yields the second assertion. O
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We can now adapt the argument from last lecture for sums of independent indicators to
prove our main result.

Theorem 25.3. Let (X;)"_, be a collection of Bernoulli random variables with P(X; = 1) = p;,
and for eachi=1,...,n, let (X (-Z))#Z be defined on the same space as (X;)!, such that

2((X ) = L (X))l Xi = 1).
Then for W =3"" | X; and p:=E[W] =>"" | p;, we have
dry (Z(W),Po(p)) < min{1,u~'} > piB[X; + Y (X, - X1).
i=1 i

A quick remark before the proof: in the case that the X; are independent, then we can set
(X j@) j#i = (Xj);2i, and then we recover the bound from the previous lecture.

Proof. For A C Z, let f4 be as in Lemma 24.3. Then for Y, ~ Po(u), basic manipulations and
the definition of (X (i )) j#i imply

P(W e A) =P, € A) = Eluf(W+1) - WfW)]

_ gpiE[f<§Xi+1):| ZE[XJ”<ZX +X)]

— gpi{E[f(gXi + 1)} —E{f(;)(j + 1)}Xi _ 1” (25.2)
B ZZ:;M{EU(;:;& 1) - f(;xj@ 1))

Now note that for any ¢ < j, we can write

j—1
— (i)=Y Af(k)
k=i
so that for any 1, 7,
1f(@) = fFDI < IAFlE = -

Applying the triangle inequality, this last display, and the bounds on ||Af|| from Lemma 25.2
to (25.2) yields

[P(W € A) - P(Y, € 4)] ZpﬂE‘f(ZX +1) - 1> X +1)
J#i
< 1A Y pELX + Y (X - K1)

i=1 i

<m1n{1 I I}ZplE‘X —1—2 X(l

J#

and taking the supremum over A C Z, gives the theorem. O

As a first simple example of how to use this result, consider the case of isolated vertices. We
showed in Lecture 7 using the method of moments, that if X = X, is the number of isolated
vertices in G,, ~ ER(n, (s + log(n))/n), where s € R is fixed, then £ (X,,) —— Po(e™®). We

n—oo

use Theorem 25.3 to show the following, which greatly improves on this convergence result.
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Proposition 25.4. Fixn € N and p € [0,1] and let W be the number of isolated vertices in
G ~ ER(n,p). Then p:=E[W]=n(1l—-p)" !, and

ey (2 0),Polp) < mingu 2} (124 1))

Before the proof we remark the ways in which the proposition improves over the convergence
via the method of moments. First, in the case where there is convergence (p = (s + log(n))/n),
the proposition gives a rate of convergence of log(n)/n in the total variation metric. More
importantly, the bound is explicit for every n and p, which quantifies the quality of approximation
in any finite problem, but also shows that for n large, the bound can be small even if there is
no convergence, in particular, when p — oo. For example, if p = ¢, /n with with ¢, — oo and
lim sup,, ¢,/ log(n) < 1.

Proof. Write W = >~ | X;, where X; is the indicator that vertex ¢ is isolated in G. Then
P(X; = 1) = (1 —p)" ! and so E[W] = n(1 — p)*~!, which is the first assertion. For the
second, in order to apply Theorem 25.3, for each i, we need to construct (X ](Z)) j=i, distributed
as Z((X;)j»i|Xi = 1), which are closely coupled to (Xj);;. In order to do this, we construct
a graph G from G such that .Z(G") = Z(G|X; = 1), and then for each j # i, we let XJ@ be
the indicator that vertex j is isolated in G(?). Because of the independence of the edges in G,
it is clear that Z(G|X; = 1) is the same as having vertex i isolated, and then putting edges
between the remaining vertices independently and with probability p. Thus we define G by
erasing any edges from G that are attached to vertex i. Now, Theorem 25.3 implies

drv (Z(W), Po() < min{1,u~'} Y- (1 = p)" ' B|1X| + DX - X1
i=1 J7i (25.3)

< min{1, (1 p)" (L —p)" ! + (0= DP(X{) # Xa)).

where the second inequality is because of symmetry. To compute lP(Xél) # X5), note that
the event occurs only if XQ(I) = 1 and X2 = 0; this is because we only remove edges in the
construction of G from G, and so it is not possible to “de-isolate” a vertex. Since we only
remove edges from vertex 1 when generating G from G, the event {Xél) =1, X9 = 0} is the
same as “vertex 2 has degree one and attaches to vertex 1 in G”, which occurs with probability
p(1 — p)"~2. Plugging this in to (25.3) yields

drv (L (W), Po(p)) < min{p, 1}((1—p)" "+ (n—1)p(1 - p)"?)

: 2 1 (n—1)p
< min{u”, u} <n + n(l—p))’ (25.4)

and the bound now easily follows. O

Note that the proof only uses “second moment” information; that is, we only need to un-
derstand the relationship between pairs of vertices, rather than larger collections as with the
method of moments. Another feature in this example that simplified the proof is that X j@ > Xj,
and we will see next time that in this case in general, the bound of the theorem can be more

simply written.
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