MAST90112: Random Graphs 22 May 2020

Lecture 27: Subgraph counts continued

We are in the middle of trying to understand when subgraph counts are approximately Pois-
son. Last time we showed Theorem 26.3, which gave a bound on the total variation distance
between W equal to the number of copies of a subgraph H and an appropriate Poisson distri-
bution, in terms of the mean and variance of W. The following result rewrites the bound of
Theorem 26.3 by expressing the mean and variance of W in terms of certain properties of H.
Let T denote the set of all copies of H in K, the complete graph on n vertices.

Corollary 27.1. Fiz n and p, let H be a graph with no isolated vertices and ey edges, let W
be the number of copies H in G ~ ER(n,p), and write p = E[W].

1. For each « € I" and H' C H, let Fgl C T be the set of subgraphs of K, isomorphic to H
whose intersection with o is H'. Then for any o € T,

dry (g(w)’PO(IU’)) < min{l,,u} (peH + Z |Fgl |peHeH/> .

H'CH
err>0

2. Foreacha €T andt=1,... ey, let Tt, C T be the set of subgraphs of K, isomorphic to
H with exactly t edges not in a. Then for any a € T,

eg—1
dry (Z(W),Po(p)) < min{l, u} (peH + > 0 (' —peH)> :

t=1

Proof. As usual, write W =) X4, where X,, is the indicator that there is a copy of H in G
at a. The corollary follows from Theorem 26.3 after deriving the mean and variance of W. For
Part 1, the terms |T'Z /| account for the number of covariance terms for different types of pairs
of indicators. In detail, noting the key property that Cov(X,, Xg) =0 if a NS =0, we have

Var(W) =Y Var(Xa) + Y Y Cov(Xa, Xp)

ael a€l f#£a

=p(l—p)+ > > > Cov(Xa, Xp)

acl' H'CH ,BEFE,
e >0

=p(l=p)+ 3 o >, Y (BIXplXa = 1] = p™)

acl’ H'CH gerg’

epr>0
= u(l —p Y [T (e —peH)),
H'CH
EH/>O

since p = ), P, and for B € Fg,, E[Xg|Xq = 1] = p®#~°#’. Similarly, for Part 2,

Var() = (1= ) + 3030 3 Cov(X, X)

a€cl’ t=1 gert,

= u(L=p™)+ > p Y Y (B[Xp|Xe = 1] —p™)

ael t=1 BeIt,
eg—1
= p (1 =P+ Y DL (0 —p”’)> ,
t=1
since pp =Y, p°, and for g € T, E[X3| X, = 1] = p". O

Written by Nathan Ross Page 1



MAST90112: Random Graphs Lecture 27

We can use the first part of the corollary to shed light on the issues brought up at the start
of the subgraph counts discussion at the end of Lecture 26. Recall that discussion, and that
for H a fixed subgraph with no isolated vertices, we define

UH' s a subgraph of H}

ryg = min{
ey

We also let ap be the size of the automorphism group of H, which is the number of ways to
permute the vertices of H with their edges so that the resulting graph is H. For example, if
H is a complete graph on k vertices, then ay = k!, if H is a k-cycle, then a = 2k, coming
from the k rotations, each combined with a reflection. We saw this concept in Lecture 3 when
working out the threshold for the number of copies of H in an Erdés-Rényi random graph.

Theorem 27.2. Let H be a graph with no isolated vertices such that for all proper subgraphs
H CH,

Ly (27.1)
(24 ey

(such H are said to be strictly balanced). Then ry = vy /ey, and setting p, = (vay)/¢#n="8
for fixzed v > 0, let W,, be the number of copies H in Gy, ~ ER(n,p,). Then p, = E[W,] — v,
and

drv (Z(Wy),Po(v)) —— 0.

n—oo

A bound on the total variation distance can be read from (27.5) and (27.6) below.

Proof. That rg = v /e is by the definition of 7 and (27.1). To prove the convergence of the
mean, write W), as a sum of indicators as above, and then we have

E[W,] = ZPEH

acl’
= [[[p*H

— ( n >UH!p€H
vy /) ag
=vnn—1)---(n—vg+1)n " (27.2)
=v+0(nh). (27.3)
For the bound, we first use the triangle inequality to find

dov (ZL(Wy),Po(v)) < drv (L (Wy),Po(un)) + drv (Po(pn), Po(v)). (27.4)

For the second term, we couple Po(u,,) and Po(v) as follows. By (27.2), u, < v, and so we set
Zy ~ Po(uy) and Z = Z,, + Y, where Y,, ~ Po(v — p,) is independent of Z,,. Then (Z,,7) is
the desired coupling, and

drv (Po(pn), Pov)) <P(Zn £ Z) =P(Y,, #0) =1 —e W) <y —p, =0(n71), (27.5)

where the last equality is because of (27.3). For the first term of (27.4), we use the first part of
Corollary 27.1 to find that

drv (iﬂ(Wn)yPO(ﬂn)) <pH + Z |Fg/ ’peH_eH,'
H'CH
eH/>0

. / _ . / . .
Now, we claim |TZ'| = O(nV#~vs"), which holds because each 3 € TZ" overlaps with a in vy
vertices, and so we are free to choose the remaining vy — vy vertices among the order n not
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in « (there is also a combinatorial factor that does not depend on n). Therefore, there are
constants ¢’ and ¢’ such that

drv (£ (Wa), Polin)) < p™ + ¢ Z S

H'CH
err>0
-1
:peH +ClanpeH § (n”L)H/peH/)
H'CH
epr >0
CH /. VH  €H UH//eH/va/eH en
<pH +c'nHp n (27.6)
H'CH
e >0
—0,
n—oo

where the convergence to zero is because n"Hp°H is of constant order, and by (27.1), for all
proper subgraphs H' C H,
vgr /e — v e > 0. O

The second part of the Corollary 27.1 is useful in explicit small examples, as we now show.

Example 27.3 (Triangles). Let H be a triangle. In this case, ey = 3, |[T2| = 3(n — 3), and
ITL| = 0 since triangles can only share zero, one, or all three edges. Thus Corollary 27.1 implies
that for W the number of triangles in G ~ ER(n,p) and p = (g) p3, we have

drv (Z(W),Po(p)) < min{l,u} (p° + 3(n — 3)p*(1 —p)) . (27.7)

Since u = (’;)p?’, we can view (27.7) as an asymptotic result with p of order 1/n. In this
case, (27.7) is of order 1/n. However, note that the bound is small as long as p < n~ /2, where
there is no convergence (for n=! < p < n~12, the mean and variance go to infinity and so W

is close to a Poisson with large mean, which is also close to a normal distribution).

Example 27.4 (k-cycles). More generally, we can let H be a k-cycle (a triangle is 3-cycle).
Now note that for some constants ¢; and Cy,

k
Tt | < (k‘ B t> ent™t < COpntt,

since we choose the k — t edges shared in the k-cycle o, and then we have order n'~! sequences
of vertices to create a cycle with t edges outside of the k — t edges shared with a. The second
equality follows by maximizing (k'i t) ¢t over the possible values of t. We can now find for W the
number of k-cycles in G ~ ER(n,p) and u = E[W],

k—1
drv (Z(W),Po(p)) < min{1, u} (pk + Cip Z(np)t_1> . (27.8)

t=1

To interpret this bound asymptotically, we note that u = |I'|p* and

0 = <Z> (k —2 1)!’

since the number of non-isomorphic k-cycles on Ky is k!/(2k) (since k! is the number of per-
mutations of the vertices, which over counts by a factor of 2k due to reflections and rotations).
Thus p is of order (np)* for fixed k, so if we take p to be of order 1/n, then there is Poisson
convergence and (27.8) is of order 1/n. The bound is small as long as p < n~(k=2)/(k=1),
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