MAST90112: Random Graphs 2 June 2020

Lecture 31: The average degree distribution of preferential attachment graphs

We have shown the first part of Lemma 29.3, that the degree distribution is concentrated
around its mean, but we need to show the second part, that the mean converges. Recall the
notation and definitions from the last two lectures: Let (G,),>1 be a sequence of preferential
attachment graphs, for 1 <1i < n, let D, (i) be the degree of vertex i in G,, and set

and

the proportion and number of vertices with degree k in G,,. The limiting degree distribution is
given by pi :=4/(k(k + 1)(k + 2)).

Proof of Part 2 of Lemma 29.3. We want to show that there is a constant ¢ > 0 such that for
all k> 1,

[E[Pu(k)] —pi| < =

which is the same as
|E[Nn (k)] — npe| < c. (31.1)

We derive a recursion for ]E[Nn(k)] in n and k by conditioning on G,_;. We initialise the
recursion at n = 2, where Ny(1) = 2 and Na(k) = 0 for k # 2. For n > 3, To obtain G,, from
Gh—1, we add vertex n, which has degree one for its outgoing edge, and then attach an edge from
vertex n to a randomly chosen vertex, where the probability the edge is attached to vertex ¢ is
Dy,—1(7)/(2(n—2)). Thus we always add a vertex with degree one, and then increase the degree
of another vertex by one. If that vertex has degree k — 1 in G,_1, then we gain a vertex of
degree k in G, and if it has degree k in G,,—1, then we lose a vertex of degree k in G,,. Since
the probability of attaching to a vertex with degree j in Gy,_1 is j/(2(n —2)), we have for k > 1,

k—1 k

BN (k) = Not (RG] = Noca(b = 1) 505y = Naa () 5o

+ Ik =1],
and note N,_1(0) = 0. Writing m, (k) := E[N,(k)] and taking expectation in the previous
equation, we have

k
2(n—2)

k—1

s Ik = 1]. (31.2)

My (k) = mp—1(k) (1 - > +mp_1(k—1)
Since we want to show my, (k) — npy is bounded, we should try to find a matching recursion
for npy. Some experimenting and easy algebra using the exact formula p, = 4/(k(k+1)(k+2))

leads to (note that this is how you would guess the formula for py from (31.2))

npr = (n = 1)p (1 - 2(nk_1)> +(n - 1)pk12(k;l__11) + 1k = 1]
= (n—1)pg <1 - 2(nk_2)> +(n— 1)pk—12(]?n__12) + Ik =1]+ L —2((::21)10191'

Subtracting this equation from (31.2), and setting

en(k) = mn (k) — npy,
C(k) = kpr — (k — 1)p_1,
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we find
en(k) = en_1(k) (1 — Q(nk_Q)> +eéen—1(k—1) 2(];_12) + 25@2), (31.3)

and we show that |e,(k)| < 2/3. We perform an induction on n on the statement “e, (k)| <1
for all £k > 1”. First note that

2_2p17 k:17

52(/{7) = (31.4)

20k, k> 1.

In particular, for all £ > 1, we have
lea (k)] < 2/3, (31.5)

which is our base case. To perform the induction step on n, assume that |e,_1(k)| < 2/3 for all
k > 1. Then (31.3), the triangle inequality, and the induction hypothesis together imply

a1 < fenna (1 = g ) +lenma = ) 1O

§2<1_ k| k-1 ) kpk — (k — 1)pe—1]
3 2(n—2) 2(n-—2) 2(n—2) (31.6)
< g 1-— ! + L
-3 2(n —2) 6(n—2)
2 1 2
—_ - — < -,
3 6(n—2) 3
where we have used that
8 1
|kpr — (B — 1)pg—1| = i O

k+1)(k+2) =3

We have proved the theorem, but in preparation for our next result, note that we can actually
sharpen this estimate to the following lemma.

Lemma 31.1. Recalling the notation above, for any o € (0,1), n > 2, and k > 1,

B[]~ < (25 )k

Proof. Write Cy := 2/(1 — «) > 2. The case where k = 1 is already covered by the previous
proof (the constant ¢ =2/3 <2 < C,). For n =2 and k > 2, (31.4) implies, using the notation
there, that

eo(k) =2pr, =8/(k(k+ 1)(k+2)) <2k~ < Cok™.

Following the previous proof, for the general induction step, just as in (31.6), we have

a1 enca (011 = 5o ) lenos = s o B = Do
—a k (k‘ — 1)1—a |k‘pk — (/{7 — 1)pk_ |
= Cok (1_2(”—2) *Ca 2(n —2) 2(n — 2) :
e Ca(E'Y— (= 1)) — |kpr — (k — 1)p—1]
= Cak™ = 2(n —2) '

Since |kpr — (k — 1)pr—1| = m, we need to show that for k > 2,

8
k+1)(k+2)

Co(k'™® = (k—1)1"%) > p (31.7)
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By the concavity of z — =%, we have
Ko — (k- > (1 - )k

and so (31.7) is implied by
2k~ > 8k 73,

which holds since k37 > 23— > 4, L]
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